We study the existence of intrinsic localized one-spin excitation in the Heisenberg one-dimensional ferromagnetic spin chain in the presence of perpendicular and parallel external magnetic fields and current with spin-transfer torque and field-like torque. The Landau-Lifshitz-Gilbert-Slonczewski(LLGS) equation is exactly solved for the one spin excitation in the absence of onsite anisotropy for the excitations of spin with fields perpendicular and parallel to the chain. We show the removal of damping in the spin excitations by appropriately introducing current and also the enhancement of angular frequency of the oscillations due to field-like torque in the case of both perpendicular and parallel field. The exactness of the analytical results is verified by matching with numerical counterparts. Further, we numerically confirm the existence of in-phase and anti-phase stable synchronized oscillations for two spin-excitations in the presence of current with perpendicular field and field-like torque.
Heisenberg ferromagnetic spin chain with anisotropic interaction is of fundamental interest in the context of spin waves in arbitrarily shaped magnetic structures [5] and spin-transfer torque in ferromagnetic layers [6] . Although there are continuum cases which are completely integrable with soliton solutions, no discrete integrable case has been studied except for the Ishimori lattice with a modified version [7] . Two of the present authors have identified a number of special solutions in the discrete spin chain case under various situations such as with external magnetic field and onsite anisotropy [8] . Understanding such classes of solutions in these classical spin chain systems is one of the important areas of investigations in spin dynamics.
Due to its practical relevance [9, 10] the occurrence of intrinsic localized breathers or oscillations in ferromagnetic spin chains with suitable onsite anisotropy has been studied for several years and recently two of us and Subash have studied the excitations of one, two and three spins along with their linear stability and have obtained explicit analytical solutions for the Heisenberg anisotropic spin chain in the presence of external magnetic field with onsite anisotropy [11] . Also, the two of us have studied the dynamics of one/many spin excitations and the impact of spin current torque in an anisotropic Heisenberg ferromagnetic spin chain in a constant/variable external magnetic field analytically and numerically. We have also proved analytically that the spin current can balance the damping effect and have extended the study of such model to show that in (parity-time reversal or) PT-symmetric magnetic nanostructures the gain/loss terms are canceled by the ferromagnetic coupling which leads to spin oscillations [12] .
On the other hand the spin transfer torque is being a promising candidate, starting from its discovery by Berger [13] and Slonczewski [14] theoretically as well as experimentally, for magnetization switching and magnetization oscillations with their corresponding applications in the write operation for nanomagnetic memory storage [15] and microwave generation [16] . The dynamics of magnetization driven by spin transfer torque can be investigated numerically and analytically by solving the governing Landau-Lifshitz-Gilbert-Slonczewski (LLGS) equation [2, 17] . The role of an additional torque, known as field-like torque [18, 19, 20] , in magnetization has been examined recently for its fruitful outcomes such as zero field oscillations [21] and elimination of steady state motion in coupled spin torque oscillators [22] , respectively. While the spin transfer torque transfers spin angular momentum from a pinned layer to a free layer of the spin valve system, the field-like torque arises due to the precession of spin polarized electrons, from the pinned layer, around the free layer's magnetic moment. The field-like torque finds technological applications in domain wall reflection [23] as well as in magnetization uniformity in heavy metal-ferromagnetic metal-heavy metal layer structures [24] .
The dynamics of the Heisenberg one dimensional discrete ferromagnetic spin chain for the intrinsic localized excitations of the one or more spins driven by spin-transfer torque in the presence of field-like torque has not been studied yet to the best of our knowledge.
In this paper we analytically solve the LLGS equation along with field-like torque for the components of spin for the one-spin excitation and numerically solve for the two-spin excitations in the presence of field both parallel and perpendicular to the direction of spin chain. Also, we show the enhancement of the angular frequency of the oscillations due to the field-like torque and anisotropy. Further, we identify the conditions among field, current and the magnitude of field-like torque to obtain the undamped oscillations for different cases.
The organization of the paper is as follows. In Sec. 2 we introduce the Hamiltonian model of the spin chain system. We solve the one-spin excitation in the presence of field in Sec. 3 and current and field-like torque in Sec. 4. In Sec. 5 we solve the general case with perpendicular field, current and field-like torque. In Sec. 6 we deduce the one-spin excitation for the case of parallel field, current and field-like torque. We briefly study the two-spin excitations in the presence of perpendicular field, current and field-like torque in Sec. 7. Finally, in Sec. 8 we present our main conclusions.
Model for spin chain
The Hamiltonian corresponding to the evolution of N number of spins of a one-dimensional anisotropic Heisenberg ferromagnetic spin chain is given by
where S x n , S y n and S z n are the spin components of the classical unit spin vector S n , satisfying the condition (S x n ) 2 + (S y n ) 2 + (S z n ) 2 = 1, n = 1, 2, ..., N.
Here A, B and C are the exchange interaction parameters, D is the onsite anisotropy parameter and H is the external magnetic field. The Landau-Lifshitz equation of motion for the n th spin of the chain, specified by the Hamiltonian (1), is deduced by introducing appropriate spin Poisson bracket relations as
where H ef f = −δH/δS n is the effective field and α is the Gilbert damping parameter.
One-spin excitation in the presence of perpendicular field
Consider a one-dimensional spin chain with the excitation of one spin S 0 as follows:
.....(0, 0, 1), (0, 0, 1), (S x 0 , S y 0 , S z 0 ), (0, 0, 1), (0, 0, 1)... .
The Hamiltonian for this system, with external field H = (0, 0, H) along z direction, is written from Eq.(1) as
The effective field is derived from the Hamiltonian given in Eq. (5) as
whereî andk are unit vectors along positive x and z directions, respectively. By substituting Eq.(6) in Eq.(3), the equations of motion for the excited spin are obtained as
From Eqs. (7) , (8) and (9) , one can verify that
to confirm that S 2 = (S x 0 ) 2 + (S y 0 ) 2 + (S z 0 ) 2 = constant = 1 is conserved. By considering the case where the onsite anisotropy is zero, we can write the dynamical equations from Eqs. (7) , (8) and (9), for the one-spin excitation as Since the coupled system of Eqs.(11) is difficult to solve as such, they are transformed in terms of the stereographic complex variable ω and its complex conjugate ω * as using the following transformations,
as follows:
where
can be exactly solved as
where C and C * are arbitrary complex constants which can be obtained by using Eq. (15) as
The constants C r and C i can be reexpressed using Eq.(12) as follows:
.
The components of S 0 can be obtained by substituting Eqs. (15) and (16) in Eqs. (13) as
From Eqs. (19), we can observe that continuous oscillations are possible only in the absence of damping (α = 0). Also, in the presence of damping, when t → ∞
Eqs. (20) clearly show that in the presence of damping the external field enables S 0 to reach the steady state in the xz-plane. The time period of the oscillations can be determined as T = 2π/Ω. The spin excitations of S x 0 , S y 0 and S z 0 in the absence and presence of damping are plotted in Figs.1 and 2 respectively by using the expressions given in Eqs. (19) . The dots correspond to the numerical results plotted from Eqs. (11) . Fig.1(d) confirms the closed periodic oscillations of the components in the absence of damping.
One-spin excitation in the presence of spin-transfer torque and field-like torque
By considering the one-dimensional spin chain in the free layer of a spinvalve (tri-layer) structure, the dynamics of the n th spin in the presence of current is governed by the following LLGS equation,
where j is the magnitude of the spin current and β is the magnitude of the field-like torque. S p = (1, 0, 0) is the polarization vector of the pinned layer. The equations of motion of S 0 in the absence of onsite anisotropy and perpendicular field are obtained by substituting Eq.(6) in Eq. (21) as
where A 1 = A + (jβ/2) and A 2 = A + (j/2α). Eqs. (22) can be transformed into stereographic form using Eqs.(13) as follows:
Eq.(23) can be solved as
are arbitrary constants. C r and C i are obtained as
By substituting Eqs. (24) in Eqs. (13) we can get the components of S 0 in the presence of spin-transfer and field-like torques as
From Eq.(27a) one can verify that irrespective of the field-like torque (asymptotically for large t) S 0 approaches (-1,0,0) or (1,0,0) when 2αA + j > 0 or 2αA+j < 0, respectively. Also, the current damps out the system even in the absence of damping. Further, the periodic oscillations appear when the condition 2αA + j = 0 is satisfied. From Eqs.(27b) and (27c) it can be observed that the angular frequency of the oscillations is 2A + jβ, which interestingly implies that the current can enhance the frequency of the oscillations only in the presence of field-like torque.
Dynamics of one-spin excitation in the combined presence of perpendicular field, spin-transfer torque and field-like torque
Equations of motion in the presence of perpendicular magnetic field H = (0, 0, H), spin-transfer torque and field-like torque without onsite anisotropy can be written from Eq. (21) as
where A 1 = A + (jβ/2) and A 2 = A + (j/2α). Eqs.(28) are transformed into a stereographic equation using Eqs.(13) as follows: where now
and
By solving Eq.(29), we get
where ω * + and ω * − are complex conjugates of ω + and ω − , respectively. C and C * can be derived from Eq.(31) as
Here K and Ω are given by 
where the explicit forms of T 1 , T 2 , ..., T 16 are given in the Appendix. From Eqs.(34) we can identify that S 0 damps out and reaches steady state when K = 0. The steady state values of S x 0 , S y 0 and S z 0 are given by
, as t tends to ∞ when K > 0,
, as t tends to ∞ when K < 0. When K = 0, the undamped oscillations appear. The values of current, field and field-like torque for which undamped oscillations are possible can be obtained from Eq.(32) as follows:
The angular frequency of the undamped oscillations is derived by using Eq.(35) in Eq. (33) as
The existence of undamped oscillations is confirmed by plotting S x 0 , S y 0 and S z 0 in Figs.3(a) , (b) and (c) respectively when H = 0.1, β = 0.1 and j = −0.00125. Also, Fig.3(d) shows the three-dimensional trajectory of S 0 of the undamped oscillations. The enhancement of angular frequency of undamped oscilations by field-like torque, plotted from Eq.(36), is shown in Fig.4 when A = 0.1, D = 0, α = 0.005 and j = 0.1. Also, the enhancement of angular frequency by the introduction of onsite anisotropy D in Eqs.(28) is shown appropriately in Fig.5 when A = 0.1, H = 0.1, α = 0.005, β = 0.1 and j = −0.01, from appropriate numerical analysis. 6. One-spin excitation in the combined presence of parallel field, spin-transfer torque and field-like torque
When the external magnetic field is applied parallel to the chain, i.e. along x-axis, the dynamical equations can be obtained from Eq.(21) by considering H = (H, 0, 0) as
The above Eqs.(37) for D = 0 are transformed into a stereographic equation using Eq.(13) as
Eq.(38) is solved as
where C = C r + iC i = ω(0)−1 ω(0)+1 and C * = C r − iC i = ω * (0)−1 ω * (0)+1 are arbitrary constants. Here C r and C i can be obtained by using Eqs. (12) as in Eqs.(25) and (26). By substituting Eqs.(39) into Eqs. (13) we can derive
From Eqs.(40), one can understand that the spin S x 0 switches asymptotically (t → ∞) to +1 or −1 when j + α(2A + H) < 0 or j + α(2A + H) > 0, respectively. The angular frequency of the oscillations is given by 2A+H +jβ, which implies that the angular frequency is independent of the current in the absence of field-like torque. Further, it can be noticed that the undamped oscillations in the presence of parallel field are possible when the condition j + α(2A + H) = 0 is satisfied.
Two-spin excitation in the presence of perpendicular field, spintransfer torque and field-like torque
The studies on one-spin excitation can be extended into multi-spin excitations in general. In this section we numerically study the two-spin excitations in the presence of perpendicular field, current and field-like torque. The case of parallel field can also be similarly analyzed. Considering the one dimensional spin chain with the excitation of two spins S 0 and S 1 as follows, .....(0, 0, 1), (0, 0, 1), (S x 0 , S y 0 , S z 0 ), (S x 1 , S y 1 , S z 1 ), (0, 0, 1), (0, 0, 1).....,
the Hamiltonian for this system, with perpendicular external field H = (0, 0, H) along positive z direction, is written from Eq.(1) as
The corresponding effective fields for the two spins S 0 and S 1 can be derived as
The LLGS equations corresponding to the spins S n , n = 0, 1, in the presence of field and current are given by The corresponding dynamical equations for the components of S 0 and S 1 with S p = (1, 0, 0) can be derived as 
Eqs.(46) and (47) for the case D = 0 can be transformed into the stereographic form as
Eqs. (46) and (47) 
Conclusions
By solving the LLGS equation along with field-like torque we have analytically deduced the expressions for one-spin excitation in the presence of perpendicular/parallel fields. It has been observed that the field-like torque is essential to enhance the frequency of the oscillations and it increases the frequency of oscillations for both the cases of perpendicular and parallel magnetic fields. Relevant conditions have been obtained among the current, magnetic field and field-like torque to obtain the undamped oscillations. The numerical study has been extended to the case of two-spin excitations and the possibility of undamped in-phase and anti-phase synchronized oscillations has been shown between the two spins. Our results are potentially important for understanding the spin dynamics in relevant magnetic materials and structures [1, 5] .
